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Abstract
We consider the problem of recovering the initial value, from the trace on the light cone,
of the solution of an initial value problem for the wave equation. When the space is odd
dimensional, we show that the map from the initial value to the traces of the (even or odd in
time) solutions on the light cone is an isometry and we characterize the range of this map and
construct its inverse. We do this by relating the problem to the recovery of a function from
its spherical means over all spheres through the origin, which in turn is related to the Radon
transform inversion via the inversion map on Rn.
1 Introduction
1.1 The Problem
Suppose f(x), g(x) are smooth functions on Rn, n > 1, and w(x, t) is the solution of the IVP (Initial
Value Problem)
wtt −∆w = 0, (x, t) ∈ Rn × R, (1)
w(x, 0) = f(x), wt(x, 0) = g(x), x ∈ Rn. (2)
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This is a well posed problem (see [5]) and explicit formulas are known for w in terms of f and g.
Define the linear maps W± : C∞(Rn)×C∞(Rn) 7→ C(Rn) with
W±(f, g)(x) = w(x,±|x|), x ∈ Rn (3)
which map1 the initial data (f, g) to the traces, of the solution w, on the light cones t = ±|x|. Our
goal is the inversion of the linear map (f, g)→ (W+(f, g),W−(f, g)).
If u(x, t) and v(x, t) are the even and the odd parts, w.r.t t, of w(x, t), that is,
u(x, t) =
w(x, t) + w(x,−t)
2
, v(x, t) =
w(x, t) − w(x,−t)
2
,
then u(x, t), v(x, t) are the unique solutions of the IVPs:
utt −∆u = 0, (x, t) ∈ Rn × R (4)
u(x, 0) = f(x), ut(x, 0) = 0, x ∈ Rn (5)
and
vtt −∆v = 0, (x, t) ∈ Rn × R (6)
v(x, 0) = 0, vt(x, 0) = g(x), x ∈ Rn (7)
respectively. Define the linear maps U : C∞(Rn) 7→ C(Rn) and V : C∞(Rn) 7→ C(Rn) with
(Uf)(x) = u(x, |x|), (Vg)(x) = v(x, |x|), x ∈ Rn.
Now
Uf =
(W+ +W−
2
)
(f, g), Vg =
(W+ −W−
2
)
(f, g)
so the inversion of (f, g)→ (W+(f, g),W−(f, g)) is equivalent to the inversion of U and V. When
n is odd, we show that U and V are isometries, characterize the ranges of extensions of U and V
and give inversion formulas for U and V. From this one easily derives an inversion procedure for
the map (f, g)→ (W+(f, g),W−(f, g)); specifically
(W+(f, g),W−(f, g))→ (Uf,Vg)→ (f, g).
The isometry and the ranges of U and V may lead to similar statements about the map (f, g) →
(W+(f, g),W−(f, g)) but they seem cumbersome and we have not explored this issue.
If f = g then one may verify that u = vt but the connection between the traces of u and v on
t = |x|, that is between U and V, is cumbersome and we do not use it. We deal with U and V
independently, though in somewhat similar fashion, without exploiting the cumbersome connection.
1 The traces, W±(f, g), may not be smooth at the origin, that is why the codomains for W± are C(Rn).
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At first glance it may appear that the traces of w on t = ±|x| do not have enough information
to recover f, g since most of the initial energy is surely propagated away from the cone t = ±|x|.
However, that is incorrect as the propagation of most of the initial energy does leave traces on the
double cone t = ±|x| because any ray originating at a point on t = 0, such as
x = a+ sθ, t = s, −∞ < s <∞,
for a fixed a ∈ Rn, |θ| = 1, will intersect the double cone t = ±|x|, except for rays in a zero measure
(for a fixed a) set of directions θ ⊥ a - see [1] for another problem where the situation with the
rays is the same but there is still an isometry.
The results are obtained using the following connection. The traces on the cone t = |x|, of the
solutions of IVPs for the wave equation, may be written in terms of spherical means of the initial
data over spheres through the origin, which in turn can be related to the Radon transform via the
inversion map x → x/|x|2 which maps spheres through the origin to hyperplanes. We exploit the
results about the Radon transform to obtain our results.
1.2 Motivation and history
Our problem may be regarded as loosely equivalent to the exterior Goursat problem where one
studies the well-posedness of the characteristic boundary value problem for w(x, t)
w = 0, (x, t) ∈ Rn × R, |x| ≥ |t|
w(x, |x|) = φ(x), w(x,−|x|) = ψ(x), x ∈ Rn
where φ, ψ satisfy some matching condition at x = 0.
The existence, uniqueness and stability of the solution of the above problem in the interior of
the cone is well studied and explicit solutions are available in [5], though the optimal regularity
result for w(x, t) at (x = 0, t = 0) is a tricky matter - see [2]. The interior problem and its
generalization to other hyperbolic operators have attracted attention because of applications to
General Relativity. The exterior problem for more general hyperbolic PDEs is also of interest
in General Relativity - see [10], [11], and there are unique continuation results for more general
hyperbolic PDEs for a slightly different problem - see [7], [10], [11], [12], [19]. We study the exterior
problem only for the wave equation.
Since solutions of the IVP for the wave equation may be expressed in terms of the spherical
mean values of the initial data, and since traces on the light cone are related to spherical mean
values on spheres through the origin, it is clear that there is a connection between the inversion of
U and V and the recovery of a function from its spherical mean values over all spheres through the
origin. The results for the spherical mean value inversion problem do not lead directly to results
for the U ,V inversion problem, except for the n = 3 case. Further, in our opinion, the results for U
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and V seem more compact and aesthetically pleasing. As far as we know, the inversion of U and V
(other than the n = 3 case) has received little attention while there has been considerable work on
the spherical mean inversion problem mentioned above - see [3] [4], [13], [14], [15], [16], [17], [20].
These articles have studied questions such as the recovery of a function from its spherical averages
over all spheres through the origin or determining all functions which have zero spherical averages,
over all spheres through the origin which lie in a fixed ball through the origin.
Our main tool to tackle the U ,V problem - using the inversion map x → x/|x|2 to relate the
problem to the Radon transform inversion - was already used in some of the articles mentioned
above (also see [18]). However, we believe, even our Theorem 4 about spherical mean inversion
is new. Our work is mainly directed towards the U ,V inversion problem for which we have new
results - our Theorems 1, 2, 3.
The problem of recovering a function from its spherical averages over a family of spheres has
a long history. The problem of recovering a function from its spherical averages over all spheres
with a fixed radii or over spheres with centers on a plane or centers on a sphere etc. have been
studied and many of these problems have applications to medical imaging. The field is too broad
for a general survey article and we suggest the introduction of [6] as perhaps a reasonable starting
point for the literature on such problems.
1.3 Main Results
For any positive integer n, Sn−1 will denote the unit sphere in Rn, ωn−1 its surface area, ∂r =
|x|−1x · ∇ will be the radial derivative and δm(t) will denote the m-th derivative of the Dirac delta
distribution. For any surface Γ in Rn, dS denotes the surface measure on Γ, sometimes written as
dSx if the variable x represents an arbitrary point on Γ. Further, S (R
n) will denote the Schwartz
space, C∞c (R
n) will denote the set of compactly supported smooth functions on Rn and
C˙∞(Rn) = {h(x) ∈ C∞(Rn) : 0 /∈ supp h},
C˙∞c (R
n) = {h(x) ∈ C∞c (Rn) : 0 /∈ supp h}.
For any h ∈ S (Rn), its Radon transform is
(Rh)(θ, s) :=
∫
x·θ=s
f(x) dSx =
∫
Rn
h(x) δ(x · θ − s) dx, θ ∈ Rn, |θ| = 1, s ∈ R
and its spherical mean value on a sphere centered at c ∈ Rn of radius t ∈ R is defined as
(Mh)(c, t) := 1
ωn−1
∫
Sn−1
h(c + tθ) dθ,
=
1
ωn−1tn−1
∫
|x−c|=t
h(x) dSx =
2
ωn−1tn−2
∫
Rn
h(x) δ(t2 − |x− c|2) dx, t > 0. (8)
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For any non-negative measurable function ρ on Rn, we define L2(Rn, ρ) to be the Hilbert space of
all measurable f : Rn → R for which ∫
Rn
ρ(x) |f(x)|2 dx is finite.
For n ≥ 3, n odd, we show that U and V are isometries, give inversion formulas, and characterize
the ranges of the extensions of these maps. The problem is unresolved for the even n case
though we have unpublished partial results for the even n case.
Theorem 1 (Isometry and Range). If n ≥ 3, n odd, then for all f, g ∈ C˙∞c (Rn) we have Uf,Vg ∈
C˙∞(Rn) and
∫
Rn
|f(x)|2
|x|2 dx = 2
∫
Rn
|(Uf)(x)|2
|x|2 dx,∫
Rn
|x|2 |g(x)|2 dx = 8
∫
Rn
|x|3−n |∂r(|x|
n−1
2 (Vg)(x))|2 dx.
Further, the map f → Uf has a continuous linear extension as a bijection from L2(Rn, |x|−2)
to itself, and the map g → |x|(1−n)/2∂r(|x|(n−1)/2(Vg)(x)) has a continuous linear extension as a
bijection from L2(Rn, |x|2) to itself.
We have inversion formulas for U and V closely connected to the inversion formula for the Radon
transform.
Theorem 2 (First inversion formula). If n ≥ 3 and n is odd with n = 2m + 1 then for all
f, g ∈ C˙∞c (Rn) we have
f(x) =
1
(4pi)m|x|2m
∫
Sn−1
∂ms
(
1
sm
(Uf)( θ
2s
)
) ∣∣∣∣
s=x·θ/|x|2
dθ, x ∈ Rn, x 6= 0,
g(x) =
−1
(4pi)m|x|n+1
∫
Sn−1
∂m+1s
(
1
sm−1|s|(Vg)(
θ
2s
)
) ∣∣∣∣
s=x·θ/|x|2
dθ, x ∈ Rn, x 6= 0.
We derive a second set of inversion formulas, coming from the isometries and the adjoints of U
and V with respect to the associated inner products.
Theorem 3 (Second inversion formula). If n ≥ 3 and n is odd with n = 2m+ 1 then we have
f(x) = 2U∗(Uf)(x), ∀x ∈ Rn, x 6= 0, f ∈ C˙∞c (Rn)
where U∗ is (below φ∗(y) = |y|−1φ(y))
(U∗φ)(x) = 1
2(−2pi)m|x|m−1 (∂
m
s Rφ∗)(x/|x|, |x|/2), x 6= 0, φ ∈ C˙∞c (Rn)
or its continuous linear extension as an isometry from L2(Rn, |x|−2) to itself. Also,
g(x) = 8V∗(|x|−m∂r(|x|m(Vg)(x))(x), x 6= 0, g ∈ C˙∞c (Rn)
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where V∗ is (below φ∗(y) = |y|φ(y))
(V∗φ)(x) = 1
4(−2pi)m|x|m+1 (∂
m
s Rφ∗)(x/|x|, |x|/2), x 6= 0, φ ∈ C˙∞c (Rn)
or its continuous linear extension as an isometry from L2(Rn, |x|2) to itself.
The inversion of U and V has a connection with the problem of recovering a function from its
spherical averages over all spheres through the origin, that is, given (Mf)(x, |x|) for all x ∈ Rn -
recover f . The spherical average problem can be tackled by the same methods as those applied to
the U ,V problem, except the spherical average problem is a little easier but the results are more
cumbersome than those for the U ,V problem. When n = 3, the spherical average problem and the
V problem are equivalent; for other n the connection is complicated and there is no simple path
to obtain results for one problem from the other. This spherical average inversion problem has
received a fair amount of attention but the results are incomplete (see subsection 1.2). For the
spherical average problem, we give the results only for the odd n case but our technique works also
for the even n case - the results for the even n case are not as appealing as the odd n case.
Theorem 4 (Isometry and inversion for spherical means). Suppose n is odd and h(x) ∈ C˙∞c (Rn).
We have the isometry∫
Rn
|x|2n−4 |h(x)|2 dx = 2pi
Γ(n/2)2
∫
Rn
|(ρ2∂ρ)(n−1)/2(ρn−1(Mh)(y, |y|))|2 |y|−n−1 dy
and the inversion formula
h(x) =
(−1)(n−1)/2ωn−1
2pin−1
|x|3−2n
∫
2y·x=|x|2
|y|−n (ρ2∂ρ)n−1(ρn−1(Mh)(y, |y|)) dSy
where ρ = |y|.
Note the integration on the RHS of the inversion formula - the integral is over “all spheres
which pass through x and the origin”.
2 Preliminaries
We introduce notation and state and prove preliminary results needed in the proofs of the theorems.
We define S (Sn−1 × R) to consist of functions in S (Rn ×R) restricted to Sn−1 × R and
Se(S
n−1 × R) = {h ∈ S (Sn−1 ×R) : h(−θ,−s) = h(θ, s), ∀(θ, s) ∈ Sn−1 × R},
L2e(S
n−1 × R) = {h ∈ L2(Sn−1 × R) : h(−θ,−s) = h(θ, s), ∀(θ, s) ∈ Sn−1 × R},
L2σ(S
n−1 × R) = {h ∈ L2(Sn−1 × R) : h(−θ,−s) = (−1)(n−1)/2h(θ, s), ∀(θ, s) ∈ Sn−1 × R}.
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We also define the operator D = 12t∂t, which acts like differentiation w.r.t t
2 because, for any
differentiable function h(t), we have
D(h(t2)) = h′(t2), ∀t ∈ R, t 6= 0.
Since it is easier to manipulate integrals on Rn than surface integrals, sometimes we convert
surface integrals to integrals on Rn using the distributional relation∫
φ=0
f(x)
|(∇φ)(x)| dSx =
∫
Rn
f(x) δ(φ(x)) dx (9)
for any f ∈ C∞c (Rn) and any φ ∈ C∞(Rn) with (∇φ)(x) 6= 0 if φ(x) = 0.
The inversion map on Rn plays an important role in the proofs because inversion maps spheres
through the origin to hyperplanes.
Proposition 1 (Properties of inversion). The inversion map x→ X = x/|x|2 on Rn \ {0} has the
following properties:
(a) For any c ∈ Rn, c 6= 0, the sphere |x− c| = |c| is mapped to the hyperplane 2X · c = 1;
(b) dX = |x|−2n dx = |X|2ndx;
(c) The map h(x)→ H(X) = |X|kh(X/|X|2), extended by zero, is a linear bijection from C˙∞c (Rn)
to itself, for every integer k.
Proof. We have x = X/|X|2 and hence
|x− c|2 − |c|2 = |x|2 − 2x · c = 1|X|2 − 2
X · c
|X|2 =
1− 2X · c
|X|2
which proves (a). Using spherical coordinates (ρx = |x|, θ = x/|x|) for x and (ρX = |X|, θ = X/|X|)
for X we have ρX = ρ
−1
x so dρX/dρx = −ρ−2x and hence
dX = ρn−1X dρX dθ = ρ
1−n
x | − ρ−2x | dρx dθ = ρ−n−1x dρx dθ = ρ−2nx dx = |x|−2ndx
proving (b). (c) follows easily from the definition of C˙∞c (R
n).
For use later, we recall the standard properties of the Radon transform in odd dimensions,
found in Chapter 1 of [8] and Chapter 1 of [9].
Theorem 5 (Properties of the Radon transform). For n ≥ 3, n odd, the Radon transform R is an
injective linear map from S (Rn) to Se(S
n−1 × R) and has the following properties:
(a) (Equation (1’) on page 12 in [8]) R is an isometry with∫
Rn
|h(x)|2 dx = 1
2(2pi)n−1
∫
Sn−1
∫
R
∣∣∣∂(n−1)/2s (Rh)(θ, s)
∣∣∣2 ds dθ, ∀h ∈ S (Rn);
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(b) (Theorem 3.6 in Chapter 1 of [9]) For any h ∈ S (Rn) we have
h(x) =
(−1)(n−1)/2
2(2pi)n−1
∫
Sn−1
∂n−1s (Rh)(θ, s)|s=x·θ dθ, ∀x ∈ Rn;
(c) (Remark on page 14/15 in [8] and Theorem 4.1 on page 21 in [9]) The isometry h →
∂
(n−1)/2
s Rh, from S (Rn) to S (Sn−1 × R), has a continuous linear extension as a bijec-
tion from L2(Rn) to L2σ(S
n−1 ×R).
3 The inversion of U
In this section we provide the proofs of the parts of Theorems 1 - 3 pertaining to U . Below
n = 2m+ 1 with m ≥ 1.
3.1 Proof of Theorem 1 for U
If f ∈ C˙∞c (Rn) then, from the standard theory, the IVP (4), (5) has a unique solution u(x, t) ∈
C∞(Rn×R). In addition, since f = 0 in a neighborhood of 0, we have u(x, t) = 0 in neighborhood
of (0, 0) implying Uf ∈ C˙∞(Rn).
If f ∈ C˙∞c (Rn) then (see page 682 of [5])
u(x, t) =
√
pi
Γ(n2 )
tD(n−1)/2
(
tn−2(Mf)(x, |t|)) , ∀(x, t) ∈ Rn × R, t 6= 0.
When t > 0, noting that ωn−1 =
2pin/2
Γ(n/2) and using (8), we have
u(x, t) =
t
pim
Dm
(∫
Rn
f(y) δ(t2 − |y − x|2) dy
)
=
t
pim
∫
Rn
f(y) δm(t2 − |y − x|2) dy
so
(Uf)(x) = |x|
pim
∫
Rn
f(y) δm(2x · y − |y|2) dy, ∀x ∈ Rn, x 6= 0. (10)
For x ∈ Rn, x 6= 0, let θ = x/|x|, s = 12|x| and define
F (X) = f(X/|X|2) |X|1−n;
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then by Proposition 1, F (X) ∈ C˙∞c (Rn)). Using the homogeneity of δk(t) we have
2m+1pim|x|m(Uf)(x) =
∫
Rn
f(y) |2x|m+1 δm(2x · y − |y|2) dy
=
∫
Rn
f(y)
|y|2m+2 δ
m
(
x
|x| ·
y
|y|2 −
1
2|x|
)
dy
=
∫
Rn
f(y)
|y|2m+2 δ
m
(
θ · y|y|2 − s
)
dy let Y = y/|y|2
=
∫
Rn
F (Y ) δm(θ · Y − s) dY
= (−1)m∂ms (RF )(θ, s),
that is
∂ms (RF )(θ, s) =
(−1)m2pim
sm
(Uf)( θ
2s
), ∀θ ∈ Sn−1, s > 0. (11)
Since F ∈ C˙∞c (Rn) and (RF )(−θ,−s) = (RF )(θ, s), from (11) and Theorem 5 we have∫
Rn
|F (X)|2 dX = 1
2(2pi)n−1
∫
Sn−1
∫ ∞
−∞
|∂ms (RF )(θ, s)|2 ds dθ
=
1
(2pi)n−1
∫
Sn−1
∫ ∞
0
|∂ms (RF )(θ, s)|2 ds dθ
=
1
2n−3
∫
Sn−1
∫ ∞
0
s1−n|(Uf)(θ/(2s))|2 ds dθ let r = 12s
= 2
∫
Sn−1
∫ ∞
0
rn−3|u(x, |x|)|2 dr dθ
= 2
∫
Rn
(
u(x, |x|)
|x|
)2
dx.
Now, from Proposition 1
∫
Rn
|F (X)|2 dX =
∫
Rn
(f(x)|x|n−1)2 |x|−2n dx =
∫
Rn
(
f(x)
|x|
)2
dx,
so the proof of the isometry is complete.
From Theorem 5 and that C˙∞c (R
n) is dense in L2(Rn) the map
F → sm∂ms (RF )(θ, s)
from C˙∞c (R
n) to Se(S
n−1 × R) has an extension as a continuous linear bijection from L2(Rn) to
L2e(S
n−1 × R, s−2m). So from proposition 1, the map
f(x)→ F (X)→ sm∂ms (RF )(θ, s)
from C˙∞c (R
n) to Se(S
n−1×R) has an extension as a continuous linear bijection from L2(Rn, |x|−2)
to L2e(S
n−1 × R, s−2m).
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Given h : Rn → R, define h˜ : Sn−1 × (R \ {0})→ R with h˜(θ, s) = h(θ/(2s)). Since∫
Sn−1
∫
R
|h˜(θ, s)|2 s−2m ds dθ =
∫
Sn−1
∫ ∞
0
|h(θ/(2s))|2 s−2m ds dθ +
∫
Sn−1
∫ 0
−∞
|h(θ/(2s))|2 s−2m ds dθ
=
1
2
∫
Sn−1
∫ ∞
0
|h(rθ)|2 r
2m
r2
dr dθ +
1
2
∫
Sn−1
∫ ∞
0
|h(rθ)|2 r
2m
r2
dr dθ
=
∫
Rn
|h(x)|2
|x|2 dx,
the map h→ h˜ is a continuous linear bijection from L2(Rn, |x|−2) to L2e(Sn−1 × R, s−2m).
From (11) we have
sm∂ms (RF )(θ, s) = c (Uf)(rθ)|r=1/(2s), ∀θ ∈ Sn−1, s > 0,
so using the results in the previous two paragraphs, we conclude that the map f → Uf has an
extension as a bijection from L2(Rn, |x|−2) to itself.
3.2 Proof of Theorem 2 for U
If f ∈ C˙∞c (Rn) and we define F (X) = f(X/|X|2) |X|1−n then F ∈ C˙∞c (Rn) and from (11) we have
∂ms (RF )(θ, s) =
(−1)m2pim
sm
(Uf)( θ
2s
), ∀θ ∈ Sn−1, s > 0.
When s < 0, substituting (−θ,−s) into the above identity and noting (RF )(−θ,−s) = (RF )(θ, s),
we obtain
∂ms (RF )(θ, s) =
(−1)m2pim
sm
(Uf)( θ
2s
), ∀θ ∈ Sn−1, s < 0.
Hence
∂ms (RF )(θ, s) =
(−1)m2pim
sm
(Uf)( θ
2s
), ∀θ ∈ Sn−1, s ∈ R, s 6= 0,
so
∂2ms (RF )(θ, s) = (−1)m2pim∂ms
(
1
sm
(Uf)( θ
2s
)
)
, ∀θ ∈ Sn−1, s ∈ R, s 6= 0
Hence, using the Radon transform inversion formula (see Theorem 5), for X 6= 0, we have
F (X) =
(−1)m
2(2pi)2m
∫
Sn−1
∂2ms (RF )(θ, s)|s=X·θ dθ
=
1
(4pi)m
∫
Sn−1
∂ms
(
1
sm
(Uf)( θ
2s
)
) ∣∣∣∣
s=X·θ
dθ,
hence
f(x) =
1
(4pi)m|x|n−1
∫
Sn−1
∂ms
(
1
sm
(Uf)( θ
2s
)
) ∣∣∣∣
s=x·θ/|x|2
dθ, ∀x 6= 0,
proving the theorem.
3.3 Proof of Theorem 3 for U
We first find the adjoint of U in the weighted L2 norm.
Proposition 2 (The adjoint of U). If n is odd then for any f, φ ∈ C˙∞c (Rn) we have∫
Rn
(Uf)(x)φ(x)
|x|2 dx =
∫
Rn
f(x) (U∗φ)(x)
|x|2 dx
where
(U∗φ)(x) = 1
2(−2pi)m|x|m−1 (∂
m
s Rφ∗)(x/|x|, |x|/2), ∀φ ∈ C˙∞c (Rn), x ∈ Rn, x 6= 0,
and φ∗(y) = φ(y) |y|−1. Further
∫
Rn
|φ(x)|2
|x|2 dx = 2
∫
Rn
|(U∗φ)(x)|2
|x|2 dx, ∀φ ∈ C˙
∞
c (R
n)
and the map U∗ : C˙∞c (Rn)→ L2(Rn, |x|−2) has a continuous linear extension as a bijection from
L2(Rn, |x|−2) to itself.
Proof. Below, for any x ∈ Rn, x 6= 0, we define r = |x| and θ = x/|x|. From (10) we have
(Uf)(x) = (−1)
m|x|
pim
∫
Rn
f(y) δm(|y|2 − 2x · y) dy, ∀f ∈ C˙∞c (Rn), x 6= 0,
so for any φ ∈ C˙∞c (Rn) we have∫
Rn
(Uf)(x)φ(x)
|x|2 dx =
(−1)m
pim
∫
Rn
|x|−1φ(x)
∫
Rn
f(y) δm(|y|2 − 2x · y) dy dx
=
(−1)m
pim
∫
Rn
f(y)
∫
Rn
|x|−1φ(x) δm(|y|2 − 2x · y) dx dy,
=
∫
Rn
f(x) (U∗φ)(x)
|x|2 dx,
where, for x 6= 0, we define φ∗(x) = |x|−1φ(x) and define
(U∗φ)(x) = (−1)
m|x|2
pim
∫
Rn
φ∗(y) δ
m(|x|2 − 2x · y) dy = r
2
(−pi)m
∫
Rn
φ∗(y) δ
m(r2 − 2rθ · y) dy
=
r
2(−2pir)m
∫
Rn
φ∗(y) δ
m(r/2− θ · y) dy = r
2(−2pir)m (∂
m
s Rφ∗)(θ, r/2).
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Further, using Theorem 5, we have
4(2pi)2m
∫
Rn
|(U∗φ)(x)|2
|x|2 dx =
∫
|θ|=1
∫ ∞
0
r−2m |∂ms (Rφ∗)(θ, r/2)|2 rn−1 dr dθ
= 2
∫
|θ|=1
∫ ∞
0
|∂ms (Rφ∗)(θ, s)|2 ds dθ =
∫
|θ|=1
∫
R
|∂ms (Rφ∗)(θ, s)|2 ds dθ
= 2(2pi)2m
∫
Rn
|φ∗(x)|2 dx = 2(2pi)2m
∫
Rn
|φ(x)|2
|x|2 dx.
The map φ → φ∗ is a linear bijection on C˙∞c (Rn) and also from L2(Rn, |x|−2) to L2(Rn).
Further, from Theorem 5, the map φ∗ → s1−m∂ms (Rφ∗)(θ, s) has a continuous linear extension as
a bijection from L2(Rn) to L2o(S
n−1 × R, sn−3) (here ”o” stands for odd in (θ, s)) and the map
h(θ, s)→ h˜(x) = h(x/|x|, |x|)
is a continuous linear bijection from L2o(S
n−1×R, s2m−2) to L2(Rn, |x|−2) so the statement about
the extension follows.
We now continue with the proof of Theorem 3 for U . By Theorem 1 and the continuous extension
of U we have
2
∫
Rn
((Uf)(x) (Ug)(x)
|x|2 dx =
∫
Rn
f(x) g(x)
|x|2 dx, ∀f, g ∈ L
2(Rn, |x|−2)
and from Proposition 2, the density of C˙∞c (R
n) in L2(Rn, |x|−2), and the continuous linear extension
of U∗ we have∫
Rn
(Uf)(x)φ(x)
|x|2 dx =
∫
Rn
f(x) (U∗φ)(x)
|x|2 dx, ∀f, φ ∈ L
2(Rn, |x|−2).
Hence applying the first relation to φ = Ug we conclude that
2U∗Ug = g, ∀g ∈ L2(Rn, |x|−2).
4 The inversion of V
We give the proofs of Theorems 1 - 3 for V. Below n = 2m+ 1 for some integer m ≥ 1
12
4.1 Proof of Theorem 1 for V
If g ∈ C˙∞c (Rn) then the IVP (6)- (7) has a unique smooth solution and, as argued for the U case,
Vg ∈ C˙∞(Rn). Further (see page 682 of [5])
v(x, t) =
√
pi
2Γ(n2 )
D(n−3)/2
(
tn−2(Mg)(x, |t|)) , ∀(x, t) ∈ Rn × R, t 6= 0
so, for t > 0, we have
v(x, t) =
1
2pim
Dm−1
(∫
Rn
g(y) δ(t2 − |y − x|2) dy
)
=
1
2pim
∫
Rn
g(y) δm−1(t2 − |y − x|2) dy,
and hence
(Vg)(x) = v(x, |x|) = 1
2pim
∫
Rn
g(y) δm−1(|x|2 − |y − x|2) dy
=
1
2pim
∫
Rn
g(y) δm−1(2x · y − |y|2) dy, ∀x ∈ Rn, x 6= 0.
Define G(X) = g(X/|X|2) |X|−n−1 and note that G(X) ∈ C˙∞c (Rn) by proposition 1. For x ∈ Rn,
x 6= 0, let θ = x/|x|, s = 12|x| - we have
2pim|2x|m(Vg)(x) =
∫
Rn
g(y) |2x|m δm−1(2x · y − |y|2) dy
=
∫
Rn
g(y)
|y|2m δ
m−1
(
x
|x| ·
y
|y|2 −
1
2|x|
)
dy
=
∫
Rn
g(y)
|y|2m δ
m−1
(
θ · y|y|2 − s
)
dy, use Y = y/|y|2
=
∫
Rn
G(Y ) δm−1(θ · Y − s) dY,
= (−1)m−1∂m−1s (RG)(θ, s).
Hence
∂m−1s (RG)(θ, s) =
(−1)m−12pim
sm
(Vg)( θ
2s
), ∀s > 0, |θ| = 1, (12)
so, if we use r = 12s then
∂ms (RG)(θ, s) = 4(−2pi)m r2 ∂r(rm(Vg)(rθ)), ∀r > 0, |θ| = 1. (13)
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Since G ∈ C˙∞c (Rn) and (RG)(−θ,−s) = (RG)(θ, s), from Theorem 5 we have∫
Rn
|G(X)|2 dX = 1
2(2pi)2m
∫
Sn−1
∫ ∞
−∞
|∂ms (RG)(θ, s)|2 ds dθ
=
1
(2pi)2m
∫
Sn−1
∫ ∞
0
|∂ms (RG)(θ, s)|2 ds dθ
= 16
∫
Sn−1
∫ ∞
0
r4 |∂r (rm(Vg)(rθ)) |2 ds dθ here r = 1
2s
= 8
∫
Sn−1
∫ ∞
0
r2 |∂r (rm(Vg)(rθ)) |2 dr dθ
= 8
∫
Rn
r2 |r−m∂r (rm(Vg)(x)) |2 dx, here r = |x|.
We also have ∫
Rn
|G(X)|2 dX =
∫
Rn
(|x|n+1g(x))2 |x|−2n dx =
∫
Rn
|x|2 |g(x)|2 dx;
hence we obtain the isometry
∫
Rn
|x|2 |g(x)|2 dx = 8
∫
Rn
r2 |r−m∂r (rm(Vg)(x)) |2 dx, here r = |x|.
From Theorem 5 and that C˙∞c (R
n) is dense in L2(Rn) the map
G→ sm∂ms (RG)(θ, s)
from C˙∞c (R
n) to Se(S
n−1 × R) has an extension as a continuous linear bijection from L2(Rn) to
L2e(S
n−1 × R, s−2m). So from proposition 1, the map
g(x)→ G(X)→ sm∂ms (RG)(θ, s)
from C˙∞c (R
n) to Se(S
n−1 ×R) has an extension as a continuous linear bijection from L2(Rn, |x|2)
to L2e(S
n−1 × R, s−2m).
Given h : Rn → R, if we define h˜ : Sn−1×(R\{0})→ R with h˜(θ, s) = h(θ/(2s)) then, as shown
in the proof of Theorem 1 for U , the map h→ h˜ is a continuous linear bijection from L2(Rn, |x|−2)
to L2e(S
n−1 × R, s−2m).
From (13) we have
sm∂ms (RG)(θ, s) = c r2−m ∂r(rm(Vg)(rθ))|r=1/(2s), ∀s > 0, |θ| = 1,
so using the results in the previous two paragraphs, the isometry g → r2−m ∂r(rm(Vg)(rθ)) has a
continuous linear extension which is a bijection from L2(Rn, |x|2) to L2(Rn, |x|−2). This is equivalent
to the statement associated with V in Theorem 1.
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4.2 Proof of theorem 2 for V
If g ∈ C˙∞c (Rn) and we define G(X) = g(X/|X|2) |X|−n−1 then G ∈ C˙∞c (Rn) and from (12) we have
∂m−1s (RG)(θ, s) =
(−1)m−12pim
sm
(Vg)( θ
2s
), ∀θ ∈ Sn−1, s > 0.
For s < 0, noting that (RG)(θ, s) = (RG)(−θ,−s) we have
∂m−1s (RG)(θ, s) = (−1)m−1(∂m−1s (RG))(−θ,−s)
=
2pim
(−s)m (Vg)(−θ/(−2s))
=
2pim
(−s)m (Vg)(θ/(2s)),
so
∂m−1s (RG)(θ, s) =
(−1)m−12pim
sm−1|s| (Vg)(θ/(2s)), ∀ s ∈ R, s 6= 0, |θ| = 1
hence
∂n−1s (RG)(θ, s) = ∂m+1s
(
(−1)m−12pim
sm−1|s| (Vg)(θ/(2s))
)
, ∀ s ∈ R, s 6= 0, |θ| = 1.
Using the Radon transform inversion formula (see Theorem 5), for any X 6= 0, we have
G(X) =
(−1)m
2(2pi)2m
∫
Sn−1
∂n−1s (RG)(θ, s)|s=X·θ dθ
= − 1
(4pi)m
∫
Sn−1
∂m+1s
(
(Vg)(θ/(2s))
sm−1|s|
) ∣∣∣∣
s=X·θ
dθ,
implying
g(x) =
−1
(4pi)m|x|n+1
∫
Sn−1
∂m+1s
(
(Vg)(θ/(2s))
sm−1|s|
) ∣∣∣∣
s=x·θ/|x|2
dθ, ∀x ∈ Rn, x 6= 0,
which proves the theorem.
4.3 Proof of theorem 3 for V
We plan to use the isometry of V to give another inverse for V. Towards that, we construct the
adjoint of V associated with the inner products suggested by the isometry of V.
Proposition 3 (The adjoint of V). For odd n = 2m+ 1 we have
∫
Rn
|x|2 φ(x) |x|−m∂r(|x|m (Vg)(x)) dx =
∫
Rn
|x|2 (V∗φ)(x) g(x) dx, ∀ g, φ ∈ C˙∞c (Rn) (14)
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where
(V∗φ)(x) = 1
4(−2pi)m|x|m+1 (∂
m
s Rφ∗)(x/|x|, |x|/2)φ(x) dx, x 6= 0
where φ∗(x) = |x|φ(x). Further
∫
Rn
|x|2 |φ(x)|2 dx = 8
∫
Rn
|x|2|(V ∗φ)(x)|2 dx, ∀φ ∈ C˙∞c (Rn)
and the map V∗ : C˙∞c (Rn) → L2(Rn, |x|2) has a continuous linear extension as a bijection from
L2(Rn, |x|2) to itself.
Proof. Let φ, g ∈ C˙∞c (Rn). Then, from (13) in the proof of Theorem 1 for V, we have
4(−2pi)m|x|2 ∂r(rm(Vg)(x)) = ∂ms (RG)(θ, 1/(2r)), ∀x 6= 0
where r = |x|, θ = x/|x| and
G(Y ) = |Y |−n−1g(Y/|Y |2).
Hence, using the substitution Y = y/|y|2 and the homogeneity of the delta function, we have
4(−2pi)m
∫
Rn
|x|2 φ(x) |x|−m∂r(|x|m (Vg)(x)) dx
=
∫
Rn
|x|−m φ(x) ∂ms (RG)(θ, 1/(2r)) dx
=
∫
Rn
|x|−m φ(x)
∫
Rn
δm(1/(2r) − Y · θ)G(Y ) dY dx
=
∫
Rn
|x|−m φ(x)
∫
Rn
δm(1/(2r) − y · θ/|y|2) |y|n+1g(y) |y|−2n dy dx
= 2m+1
∫
Rn
|x|−m rm+1 φ(x)
∫
Rn
δm(|y|2 − 2x · y) |y|2m+2 |y|1−ng(y) dy dx
= 2m+1
∫
Rn
|x|φ(x)
∫
Rn
δm(|y|2 − 2x · y) g(y) |y|2 dy dx
= 4(−2pi)m
∫
Rn
|y|2 (V∗φ)(y) g(y) dy
where, for y 6= 0, we have
(V∗φ)(y) = 1
2(−pi)m
∫
Rn
|x| δm(|y|2 − 2x · y)φ(x) dx
=
1
4(−2pi)m|y|m+1
∫
Rn
δm(|y|/2 − x · y/|y|) |x|φ(x) dx
=
1
4(−2pi)m|y|m+1 (∂
m
s Rφ∗)(y/|y|, |y|/2)
where φ∗(x) = |x|φ(x).
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Now, using the isometry of the Radon transform stated in Theorem 5, we have
42(2pi)2m
∫
Rn
|x|2 |(V∗φ)(x)|2 dx =
∫
Rn
|x|−2m |(∂ms Rφ∗)(x/|x|, |x|/2)|2 dx
=
∫
|θ|=1
∫ ∞
0
|(∂ms Rφ∗)(θ, r/2)|2 dr dθ = 2
∫
|θ|=1
∫ ∞
0
|(∂ms Rφ∗)(θ, s)|2 ds dθ
=
∫
|θ|=1
∫
R
|(∂ms Rφ∗)(θ, s)|2 ds dθ = 2(2pi)2m
∫
Rn
|φ∗(x)|2 dx
= 2(2pi)2m
∫
Rn
|x|2 |φ(x)|2 dx
which proves the isometry for V∗.
The result about the range of the extension of V∗ also follows easily from the range of R.
The proof of Theorem 3 for the V case is just an imitation of the proof for the U case.
5 Proof of theorem 4
First, as in proofs of the other theorems, we express the spherical averages over spheres through
the origin as a Radon transform. Given h ∈ C˙∞c (Rn) we define H(X) as
H(X) = |X|2−2n h(X/|X|2), X ∈ Rn, X 6= 0;
note H ∈ C˙∞c (Rn) from proposition 1. For x 6= 0, using the substitution Y = y/|y|2 and the
homogeneity of δ(s), we have
(Mh)(x, |x|) = 1
ωn−1|x|n−1
∫
|y−x|=|x|
h(y) dSy
=
2
ωn−1|x|n−2
∫
Rn
h(y)δ(|y − x|2 − |x|2) dy
=
2
ωn−1|x|n−2
∫
Rn
h(y)δ(|y|2 − 2y · x) dy
=
2
ωn−1|x|n−2
∫
Rn
h(Y/|Y |2) δ(|Y |−2 − 2|Y |−2Y · x) |Y |−2ndY
=
1
ωn−1|x|n−1
∫
Rn
H(Y ) δ(Y · x/|x| − 1/(2|x|)) dY
=
1
ωn−1|x|n−1 (RH)(x/|x|, 1/(2|x|)).
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We may rewrite this as
(RH)(θ, 1/(2ρ)) = ωn−1ρn−1(Mh)(x, |x|), x ∈ Rn, x 6= 0 (15)
where ρ = |x| and θ = x/|x|, or as
(RH)(θ, s) = ωn−121−ns1−n(Mh)(θ/(2s), 1/(2s)), s > 0, |θ| = 1. (16)
Note that these relations are true for odd and even n.
For odd n, using Theorem 5 and the substitution x = X/|X|2 we have∫
Rn
|x|2n−4 |h(x)|2 dx =
∫
Rn
|X|4−2n |h(X/|X|2)|2 |X|−2n dX
=
∫
Rn
|H(X)|2 dX
=
1
2(2pi)n−1
∫
Sn−1
∫ ∞
−∞
|∂
n−1
2
s (RH)(θ, s)|2 ds dθ.
=
1
(2pi)n−1
∫
Sn−1
∫ ∞
0
|∂
n−1
2
s (RH)(θ, s)|2 ds dθ.
So using ωn−1 = 2pi
n/2/Γ(n/2), the substitution s = 1/(2ρ), noting ∂s = −2ρ2∂ρ, and (15), we
obtain∫
Rn
|x|2n−4 |h(x)|2 dx = 2
n−2
(2pi)n−1
∫
Sn−1
∫ ∞
0
|(ρ2∂ρ)(n−1)/2(RH)(θ, 1/(2ρ))|2 ρ−2 dρ dθ
=
ω2n−1
2pin−1
∫
Sn−1
∫ ∞
0
|(ρ2∂ρ)(n−1)/2(ρn−1(Mh)(y, |y|))|2 ρ−2 dρ dθ
=
2pi
Γ(n/2)2
∫
Sn−1
∫ ∞
0
|(ρ2∂ρ)(n−1)/2(ρn−1(Mh)(y, |y|))|2 ρ−2 dρ dθ
=
2pi
Γ(n/2)2
∫
Rn
|(ρ2∂ρ)(n−1)/2(ρn−1(Mh)(y, |y|))|2 |y|−n−1 dy
where y = ρθ on the RHS. This proves the isometry.
Next we prove the inversion formula. Using (RH)(−θ,−s) = (RH)(θ, s) in the Radon inversion
formula for odd n in Theorem 5, we have
2(2pi)n−1
(−1)n−12
H(X) =
∫
Sn−1
∂n−1s (RH)(θ, s)|s=X·θ dθ.
=
∫
X·θ>0
∂n−1s (RH)(θ, s)|s=X·θ dθ +
∫
X·θ<0
∂n−1s (RH)(θ, s)|s=X·θ dθ
=
∫
X·θ>0
∂n−1s (RH)(θ, s)|s=X·θ dθ +
∫
X·θ<0
∂n−1s (RH)(−θ,−s)|s=X·θ dθ
=
∫
X·θ>0
∂n−1s (RH)(θ, s)|s=X·θ dθ +
∫
X·θ>0
∂n−1s (RH)(θ,−s)|s=−X·θ dθ
= 2
∫
X·θ>0
∂n−1s (RH)(θ, s)|s=X·θ dθ.
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Using this, the substitution s = 1/(2ρ), noting ∂s = −2ρ2∂ρ, and (16) we have
(2pi)n−1
(−1)n−12
h(x) =
(2pi)n−1
(−1)n−12
|x|2−2nH(x/|x|2)
= |x|2−2n
∫
x·θ>0
∂n−1s (RH)(θ, s)|s=x·θ/|x|2 dθ
= 21−nωn−1 |x|2−2n
∫
x·θ>0
∂n−1s (s
1−n(Mh)(θ/(2s), 1/(2s)))|s=x·θ/|x|2 dθ
= 2n−1ωn−1 |x|2−2n
∫
x·θ>0
(ρ2∂ρ)
n−1(ρn−1(Mh)(ρθ, ρ))|ρ=|x|2/(2x·θ) dθ. (17)
Now, using y = ρθ, we have
∫
x·θ>0
f(ρ, θ)|ρ=|x|2/(2x·θ) dθ =
∫
x·θ>0
∫ ∞
0
f(ρ, θ) δ(ρ− |x|2/(2x · θ)) dρ dθ
=
∫
|θ|=1
∫ ∞
0
2(x · θ) f(ρ, θ) δ(2x · (ρθ)− |x|2) dρ dθ
=
∫
|θ|=1
∫ ∞
0
ρ−n 2(x · ρθ) f(ρ, θ) δ(2x · (ρθ)− |x|2) ρn−1 dρ dθ
=
∫
Rn
2(x · y) |y|−n f(ρ, θ) δ(2x · y − |x|2) dy
= |x|2
∫
Rn
|y|−n f(ρ, θ) δ(2x · y − |x|2) dy
=
|x|
2
∫
2y·x=|x|2
|y|−n f(ρ, θ) dSy.
Hence, using (17) (below ρ = |y|)
h(x) =
(−1)(n−1)/2ωn−1
2pin−1
|x|3−2n
∫
2y·x=|x|2
|y|−n (ρ2∂ρ)n−1(ρn−1(Mh)(y, |y|)) dSy .
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